The neutron-proton mass difference is expressed, on the assumption that it is purely electromagnetic in origin, in terms of partial-wave amplitudes for the process ND--> 'Y'Y at zero total energy, and also in terms of the single n=O, M =0 0(4) amplitude for the same process. This representation allows quite directly a qualitative understanding of the sign of the n-p mass difference, and also allows, with more drastic assumptions, an approximate numerical evaluation of the mass difference based on experimentally determined parameters from the A2 Regge trajectory. This numerical estimate is in reasonable agreement with experiment. The approach is easily generalized to other electromagnetic mass differences, and is shown to yield the tadpole model.
I. INTRODUCTION
T HE difference in sign between the experimental neutron-proton mass difference and the value calculated on the assumption of point Dirac nucleons demonstrates unequivocally the importance of effects due to the strong interactions of the nucleons, if one is to ascribe the mass splittings solely to electromagnetism. The first attempt to estimate some of these effects was by Feynman and Speisman in 1956. 1 They demonstrated that the inclusion of electromagnetic form factors {presumably present because of the strong interactions) in the coupling of photons to nucleons could lead to the correct sign for the mass difference, depending on the detailed behavior of the form factors. As experimental information on the form factors became available, however, it became clear that in fact the form factors did not behave in such a way as to produce 1 R. P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954) . 177 a sign change. 2 It therefore became necessary to look at other consequences of the strong interactions.
As a first step in this direction, it was observed by Harari 3 that the existence of the Regge trajectory associated with the A 2 meson made it extremely unlikely that the simple Feynman-Speisman-type calculation of the n-p mass difference could have turned out to be correct. This is in marked contrast to I= 2 mass differences, where such a calculation does work fairly well, and where there is no analog of the A 2 trajectory. It was further noticed that, qualitatively, one might expect the existence of the A2 to reflect an unusually strong interaction in the J = 0+, I= 1 states of nucleon and antinucleon, and that this strong force could produce a sign change in the mass difference. 4 The physical processes which seem to be important are illustrated in Fig. 1 . The sign change is associated with the existence of an extinct bound state {that is, a bound state with zero residue 6 ) of negative mass squared, with J = o+-, I= 1, which is produced by the very strong force. This extinct bound state can be thought of as the "tadpole" which has been invoked as a more or less phenomenological way of obtaining the correct mass shifts. 6 [Since the A2 is a member of an SU{3) octet, 2M . Cini, E. Ferrari, and R. Gatto, Phys. Rev. Letters 2, 7 (1959) . a H. Harari, Phys. Rev. Letters 17, 1303 Letters 17, (1966 Phys. Rev. 161, 1563 (1967 ] but must rather be that of G. F. Chew [Phys. Rev. Letters 16, 60 (1966) ]. The reason for this is that we require a zero of the sense D function where the A 2 trajectory goes through zero, and the Geli-Mann and no-compensation mechanisms produce a zero only in the nonsense D function. The Chew mechanism, on tlle other hand, has a zero in the sense D function. Fortunately, the Chew mechanism in fact seems to be consistent with fits to the A2• See Ref. 10. & S. Coleman and S. Glashow, Phys. Rev. 134, B671 (1964) .
the extinct bound state, or tadpole, presumably is also; therefore, all predictions of the tadpole model are obtained.] The "tadpole" is thus a consequence of the strong-interaction dynamics rather than a new elementary particle. It is our intent here to explore further and to elaborate on this physical picture of what is important for the I= 1 mass shifts. To this end, we should like to express the mass differences in terms of the physics of the NN channel rather than in terms of virtual Compton scattering as is usually done. Our first step, then, will be to derive from the usual Cottingham formula 7 an expression for liM in terms of the partialwave amplitudes for NN ~ 'Y'Y for virtual photons of equal mass. This is done in Sec. II. The process evidently is of interest at zero total energy; 0( 4) symmetry thus applies and we also express liM in terms of the
The formula obtained in Sec. II is specialized in Sec. III to two-particle unitarity, including any number of two-body channels as intermediate states in the NN ~ 'Y'Y amplitudes. With the assumption that these amplitudes satisfy unsubtracted dispersion relations, it is shown, qualitatively, how the sign change produced by the existence of the A2 can come about. We also outline, in this section, a possible calculation based on 0(4) symmetry and the Bethe-Salpeter equation which includes the same basic physics, and which may permit the mass shift to be related more directly to experimentally determined A2 trajectory parameters.
In Sec. IV, we make some simple numerical estimates, with the intent of showing that the physical ideas we are using not only can provide the correct sign but may even give a result which is quantitatively not too unreasonable, though it is important to emphasize that numerical estimates require far more drastic assumptions than are necessary for understanding the sign.
Finally, in Sec. V we comment on the relation of our results to the tadpole model, and in Sec. VI we give a brief summary of what we believe to be the basic conclusions.
Our starting point is the usual formula for the electromagnetic mass shift of a nucleon to first order in a, the fine structure constant, which we write as Tp..(q, -q;p, -p) , (2.1) (211")4 q2
where Tp., (q,q; p,p We may also apply the reasoning invented by Cottingham 7 to Eq. (2.3). This yields, in a straightforward manner, the equation 112T(t,v; q2) .
We can change the variable of integration from z to v and write (2.10) where
Now suppose we analytically continue the quantity X(t; q 2 ) from the physical region (t>4M2, t>4f, q 2 >0) to t=O and q 2 <0. Then
XT (O,iv; f), (2.12) which is precisely the integral appearing in the Cottingham formula, Eq. (2.5). Hence, only the first few J values in Eq. (2.14) are likely to be significant. Equation (2.14) is our desired result. It expresses the mass difference in terms of the partial-wave amplitudes for the process NN-'Y'Y for virtual photons, continued to zero total energy and negative photon mass. With this equation, we should be able to implement our physical idea of relating the mass splittings to phenomena taking place in NN scattering, and in particular to whatever phenomena control this at zero energy.
We should also emphasize that Eq. (2.14) holds for any mass shift, fermion or boson, where TJ is simply summed over final (equal) helicities and averaged over initial (equal) helicities.
Finally, to calculate the mass difference between proton and neutron, we must write Eq. (2.14) for a proton and for a neutron and subtract the two. Only the I= 1 amplitudes TJ then survive on the right-hand side.
Let us now return to Eq. (2.9), and write down the 0(4) expansion of T..,.,.,p.,.(O,v; q 2 ) . Following Freedman and Wang, 9 we represent a state of definite equal helicities .u in terms of states with definite s and X:
where
(The three-dimensional delta function simply keeps p' in the direction of p.) If we now sum over .u to obtain the particular combination of helicities needed in Eq. (2.9), and note that (2.14)
where we define
(2.15)
The coefficients CJ are readily evaluated; we find, for J even, The mass shifts can therefore be expressed as an integral over a single 0(4) amplitude for NN ~'Y'Y, as well as a sum over an infinite number of partial-wave amplitudes through Eq. (2.14). This observation may be of value if the A 2 trajectory at t=O is associated with the same 0(4) representation, since then the A2 parameters should by themselves suffice to give us an approximate expression for the mass shift. We shall belabor this point more fully in the following section.
III. TWO-PARTICLE APPROXIMATIONS
To implement Eq. (2.14) requires knowledge of the NN ~ 'Y'Y partial-wave amplitude at zero energy. To obtain this knowledge, let us invoke dispersion relations and unitarity. If we restrict ourselves, for the moment, to only NN intermediate states (this restriction will be lifted shortly to allow any two-particle intermediate state) in the unitarity relation, then we have for the J=O partial-wave amplitude: The D function in Eq. {3.2) is the source of the rieght hand cut in the partial wave amplitude; its presencpermits the inclusion of rescattering effects in the NN ~ 'Y'Y process as illustrated in Fig. 3 . If it were absent, then TD(t; cf) would be calculated simply from exchanges, of which the nucleon exchange shown in Fig. 2 is the simplest. (We recall that nucleon exchange alone-in other words, the Feynman-Speisman approximation-gives the wrong sign for oM.)
For the purpose of calculating oM, we are interested only in TD(t; q 2 ) at t=O. The ratio JY!(t')/VO(O), then, is important only if D varies significantly over the range of t' of interest. Now we know that the Regge trajectory associated with the A2 meson passes through zero at t=to""'-0.5 BeV 2 .U If the trajectory chooses sense, and the corresponding ghost is eliminated by the Chew mechanism, 5 then VO(to)=O. [If, on the other hand, the trajectory chooses nonsense, as in the GellMann or no-compensation mechanism, 5 then nothing much happens to D(t) at t= to.] Assuming that JY!(to) does indeed vanish, we can expect the ratio JY!(t)/Vl(O) occurring in Eq. (3.2) to be essentially negative for most of the interesting range. This is because the upper limit of the integral is at 4q 2 -q4/M 2 , and because a characteristic value of q 2 is likely to be cf= -q02= -0.72 BeV2, the parameter appearing in the fits to the electromagnetic form factors. 12 Thus we have, generally, t'$4q0 2 <to<O in the integral. Hence VO(O) is negative and JY!(t) is predominantly positive.
We may conclude that if the ghost on the A 2 trajectory is eliminated by the Chew mechanism, the rescattering corrections will change the sign of TD(O; q2) from the value it would have when calculated from exchanges only. Since the J = 0 contribution to IJM in Eq. (2.14) is much the largest, this means that rescattering corrections are likely to change the sign of IJMtoo.
It is of interest to compare this result with the formula for IJM obtained by separating out the "mass feedback" phenomenon, 4 namely,
where D is the same J = o+-D function we have been discussing above. Here, 8M' is the mass shift which would have been calculated ignoring feedback, and the simplest contribution to this is again just the usual Feymnan-Speisman calculation. The conclusion is the same: A negativeD function (at t=O) can change the sign of the mass shift. 4 So much for qualitative features; can we also find a numerically reasonable approximation to the partialwave amplitudes TJ (0; q 2 ) which will permit us to make quantitative predictions? For the J ~0 amplitudes, the obvious thing to do is simply to write TJ(O; q 2 )=BJ(O; q 2 ), where BJ is the "Born approximation" (shown in Fig. 2) Before making a specific approximation to TO(O; q 2 ) a few remarks about the Chew ghost-elimination mechanism are in order. The requirement that the ghost be eliminated ordinarily comes from the fact that the ghost pole would lead to a singular cross section for the crossed reaction. In our case the crossed reaction is nucleon Compton scattering with spacelike virtual photons, calculated to lowest order in the electric charge e. Nucleon Compton scattering in itself is a physically measurable process at q 2 = 0, so we certainly cannot tolerate a%ghost pole in the exact amplitude for q 2 =0, and it..,seems plausible that the ghost is removed for q 2~0 as well. Whether or not the ghost is removed in these amplitudes when calculated only to lowest order in e is, however, another matter, and in fact it is quite possible that it is only higherorder in e corrections that remove the pole. In this event, TO(t; q 2 ) will indeed be singular at t= t0, and we may calculate TO(t; q 2 ) ignoring whatever ghost-elimination mechanism operates when all orders in e are included.
As was the case for the J ~0 amplitudes, then, the most direct thing to do is to approximate ImTO(t'; q 2 ) in Eq. (3.2) by ImBO(t'; q2), though because of the existence of the A2 we cannot now replace DO(t') by a constant. This approximation is reasonable, we emphasize, provided only small values of t' and q 2 are relevant in Eqs. (3.2) and (2.14).
Our numerical estimates, described in the following section, will be based on the assumptions and approximations outlined above.
The 0(4) formula for ~M 2 derived in Sec. II, namely, Eq. (2.20), may also be used as the basis for an approximate calculation. This form has the advantage that only a single 0(4) representation is involved, in contrast to Eq. (2.14) which contains an infinite number of angular momentum representations.
The amplitude Too<O.O>(O; q2) cannot itself be measured, but it can be (approximately) related to the corresponding 0(4) amplitude for NN scattering. As illustrated in Fig. 3 , we may express it as a single integral over the amplitude t00<o,o>(o; p'2,p' 2 ) for NN ~ NN, with the two :final nucleons off the mass shell, times the Born-approximation amplitude B 00 < 0 • 0 > (0; q 2 ,p' 2 ,p 2 ) for the two off-shell nucleons becoming two off-shell photons. What is required, then, is a knowledge of the behavior of the NN amplitude as a function of the masses of the two :final nucleons. This can, in principle, and to some extent in practice, be determined from the Bethe-Salpeter equation for
NN~NN.
We shall not pursue this approach further here; suffice it to say that a calculation along these lines does not seem insuperably difficult, and it may give relatively reliable results.
To conclude this section, let us return to the twoparticle approximation to the unitarity condition for the partial-wave amplitudes TJ(t; q 2 ), and extend it to include any number of two-particle channels. Let us label each channel by ij, where i and j run from 1 to N. Thus channel ij is considered to contain particle i and particle j. The channels in question have, of course, baryon number zero, isospin one, and strangeness zero. The particles may be two mesons or a baryon-antibaryon pair. Generally, i and j will refer to the same particle, as in NN, KK, for example, but there may also be channels such as 11"11 which contain two different particles. The mass shift thus becomes a matrix ~Mi/, which will contain off-diagonal elements mixing 1r and 11, for example, and whose eigenvalues are the actual masses. The generalization of the equations given at the beginning of this section are obvious, and we may evidently write where 11lkt I:mTkt 0 (l'; q 2 ) Dkl,mn°(t') Ti/(t; q 2 )= L -
Here Dij,d(t) is the angular momentum 0, I= 1, B=O, S=O, etc., D function for the multichannel problem.
(An analogous formula could obviously be written for the I= 2 mass shifts as well, if we so desired.)
As in the single-channel problem, we expect that for J = 0, the determinant of Dii,k/~0 (t), which we call ~(t), has a zero at t=to:::<-0,5 BeV 2 corresponding to the crossing of zero by the A 2 trajectory. The J = 0 contribution in Eq. (3.8) will therefore again be enhanced.
We shall return to this topic in connection with the tadpole model in Sec. V.
IV. NUMERICAL ESTIMATES
The first step in attempting to use Eqs. (3.4) to (3.7) for quantitative estimates is to compute the Born approximation illustrated in Fig. 2 . A direct calculation yields the result
In deriving this result, we have written the photonproton vertex as
with a corresponding form for the photon-neutron vertex. We have also thrown away a nonpole (in z) contribution in Eq. (4.1) arising from the fact that the direct Feynman-diagram calculation gives a first-degree polynomial in z 2 in the numerator. This nonpole term, fortunately, makes a small contribution (less than 0.2 MeV) to the mass difference.
Our result, Eq. (4.1), of course agrees (at t=O) with the pole contribution to the Born approximationresult quoted by Harari. 3 However, Harari also has a nonpole contribution, different from our nonpole term, 13 in his result. His non pole term is a consequence of keeping only pure pole contributions to the functions called t1(q 2 ; v) and t2(q 2 ; v). 3 • 7 This would be a reasonable thing to do if one believed that it and t2 satisfied unsubtracted dispersion relations in v 2 • However, as Harari points out, tr probably does not satisfy such a relation. The nonpole contributions he keeps are therefore also ambiguous. But again the numerical effect of Harari's nonpole term is small, so that whether or not one keeps it is more or less irrelevant.
We emphasize, incidentally, that if it were not the case that these nonpole contributions were small, then it would be difficult to arrive at an unambiguous answer for oM. This ambiguity is tied up with, in the Feynman-diagram language, different ways of writing the 'Y-N vertex, or in the dispersion language, with subtractions.
We may now break up the Born amplitude into partial waves according to
where 'iJ is the same combination of form factors enclosed in the curly brackets in Eq. (4.1).
To begin with, we calculate the oMJ using the definition (3.6). A trivial numerical integration gives oMJ~o= 0.40 MeV, oMJ~z= 0.12 MeV, oMJ~4= -0.036 MeV, (4.5) 13 The difference in nonpole terms arises from different ways of defining the 'Y-N vertex. These definitions all agree for on-shell nucleons, but differ when one nucleon is off-shell, as is the case in Fig. 2 . The numerical differences, however, are small. and a.M=L: a.MJ=0.5o MeV. J Now, as indicated in Sec. III, we expect there to be a sizable deviation from, or enhancement of, the Born result in aM J=o, so let us attempt to estimate this using Eq. (3.2). Two basic assumptions are, as will become clear shortly, essential if our approximations are to be reasonable. First, it is necessary to believe that Im'fO(t'; q 2 ) vanishes sufficiently rapidly as t' ~ -oo so that in the integral over the left-hand cut, most of the contribution comes from rather small values oft'. Thus we can approximate ImTl(t'; q 2 ) by ImB 0 (t'; q 2 ) under the integral. Second, it is essential to believe that in Eq. (3.5), TJ(O; q 2 ) dies off rapidly for large q 2 , and only relatively small q 2 values are significant. Now let us proceed. From Eq. (4.4), we see that on the left-hand cut, rM
The function a'(t; q 2 ) is a polynomial in t. The remaining t dependence in ImB 0 is only in the factor IPIIql =H4M2-t) 112 (4q 2 -t) 1 ' 2 • (4.7)
We recall that the right-hand edge of the left-hand cut is at t= 4qLq4jM2; thus at this point
This factor, therefore, peaks very sharply at threshold, if I q21 ;5M2, Let us next approximate JYl(t) by a straight line,
D(t)=C(t-to). (4.8)
We hope that, since we assume only small values oft count, this linear approximation is not too bad. The entire integrand in Eq. (3.2) is then a polynomial in t times the sharply peaked function (I PII ql )-1 • We may hope, therefore, that a not totally absurd approximation is to take out the polynomial from the integral and evaluate it at the peak value of the rest of the integrand-that is, at t=4q2-q4/M2. If we do this, we obtain the approximate result
XBD(O; q 2 ), where, as we said, we take (4.9)
Let us emphasize that we believe the linear approximation for D(t) only for small t-thus the use of Eq.
(4.10) is incorrect beyond small values of q 2 • Furthermore, the sharp peak in Eq. (4.7) washes out for large q 2 ; thus the factor 5'(4q 2 -q4/M 2 ; q 2 ) also becomes a poor approximation for large q 2 . The right-hand side of Eq. (4.9) is then a reasonable approximation to Tl(O; q 2 ) only if q 2 is small, say q 2 ;5M2. We must assume, as mentioned earlier, that the true 'fO(O· q 2 ) disappears quickly enough as q 2 ~ 0 so that only ~all q2 mat;ers and we can replace, for small q2 only, 'fO(O; q) by Eq. (4.9). For small q 2 , however, we may drop the higher powers of q2 in Eqs. (4.9) and (4.10); thus we have from Eq. (3.5) the result 5'(4q2-q4/M2; q2)~5'(4q2; q2)
This expression is obtained from the fitsl4
Empirically, q0 2 =0.72 BeV2.12 We s~all also write D(4qLq4jM2)~D(4q2), and thus we obtam our final expression: where to is measured in BeV2.
If we take the value t0~ -0.5 BeV2 quoted in Ref. 11, we find aMJ=o=-1.12 MeV.
1~ These fits differ slightly from the fits used by Harari (Ref.
3) which are ' GEP=GMP /2.79=-GJI' /1.91= (1-cf/q02)-'J and GJiiN=O. The differences are, however, of order q2f4Jl2 and are small if it. is indeed true, as we assume, that only rather small rf values !J-re Important. Both our choice and Harari's agree with the expenmental form factors.
Combining this, through Eq. (3.4), with the other terms gives, finally, oM= +0.50-1.12-0.40= -1.02 MeV, which, by some coincidence, happens to agree rather well with the experimental value.
V. TADPOLES
We recall Eqs. (3.8) and (3.9). To make use of these, we need a model for the matrix JYl(t), which has the following properties: (i) A (t) = detJYl (t) has a zero at t=t0• (ii) to(t), the P=fJ+" scattering matrix, looks like a Regge pole with factorizable residues which vanish at t=to so that the trajectory does not give rise to a ghost there.
Such a model is readily written down (we now use indices a, {J, • • ·, as channel indices. Thus a, {J, • • ·, stand for the particle pairs ij, kl, ···).Take 
t'
The second term in Eq. (5.9) is the "tadpole" contribution. It is proportional to fJ'Y, the coupling of the tadpole to the 7th channel, and to A-1 (0), where .A-1(t) vanishes at t= to and represents the tadpole "propagator." The tadpole here, of course, is not a new elementary particle but is simply the effect of the ghost lying on the A 2 trajectory. All results of the tadpole model thus follow directly, even though the tadpole is not a physical particle, does not appear as a pole in any physically measurable amplitude or form factor, and has a coupling which vanishes at the tadpole "mass" to. It is well known that the F/D ratio of the A 2 couplings to baryons (namely F/D"='-2),determinedfrom high-energy scattering data/ 5 is quite consistent with the value necessary to fit the observed I= 1 baryon mass splittings. 6 • 16 It is also well known that the perturbation theory results for the I= 2 splittings agree reasonably well with experiment. 3 Overall, then, we are justified in saying that there is no obvious disagreement between the experimentally observed electromagnetic mass shifts and the (somewhat crudely estimated) predictions of strong interaction theory. Further predictions, of the ratio of baryon-to-meson mass splittings, can be made when analysis of highenergy data permits the determination of the ratio of the A 2 couplings to baryons and mesons.
VI. CONCLUSION
In concluding this article, let us emphasize again that the approximations involved in obtaining the numerical results of Sec. IV are drastic; we therefore are inclined to view the rather good agreement with experiment as somewhat fortuitous. The qualitative features explained in Sec. III, however, we feel are more reliable, and do permit one to understand in a reasonable way that the neutron is heavier than the proton. We also wish to emphasize that we believe this qualitative understanding to be the logical outgrowth of the physical insight developed in Refs. 3 and 4, and that it is indeed the existence of the A 2, and the dynamics implied by its existence, which are responsible for the major nonperturbative strong interaction effects in the I= 1 mass differences.
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Finally, we wish to express our gratitude for the hospitality of the Aspen Center for Physics, where the major part of this work was carried out, and to Professor W. Recently, Suzuki 2 has shown that, using charge commutators, the following inequality can be derived in second order in symmetry breaking : (4E,.EK)-1 [(EK+E")f+((EK-E") 2 )
+(EK-E")j_((EK-E") 2 )]<1,
where EK= (mK 2 +p 2 ) 1 1 2 , and E"= (m" 2 +p 2 ) 1 ' 2 • From this he was able to derive an inequality relating ~= f-(0)/ f+(O), f+(O), and )1., where f+(t)= f+(0)(1+)1.t/m" 2 ).
In the present paper we follow and generalize the method of Quinn and Bjorken.l We use the SU(3) vector-current commutation relations and the assumption of the dominance of meson states described by an octet over those that might belong to higher SU(3) representations and have high (Y,I) quantum numbers. We differ from Ref. 1 by using the commutation relations defined below in Eq. (3) between states of arbitrary momentum and not only at p 2 --?oo. We arrive at inequalities that depend on two parameters, p 2 and k2. The limit p 2 --?oo leads to Eq. (1), and the limit k 2 =0 leads to Eq. (2). However, since two variables are involved, we get additional restrictions. In particular, we derive a relation between the upper limit on ~ (~max) and f+(O) which is independent of any assumption on the t behavior of f+(t) and f-(t).
We start with V-spin currents jl'i(x), obeying the commutation relations o(xo)[jo+(x),jo-(0)]= 2o 4 (x)jo3(x).
(3)
We now define the quantity which is equal to the eigenvalue of 2 V z of the target. Inserting a sum over intermediate states n, we arrive at
